Abstract The paper presents a method of synthesising cam profiles based on the use of piecewise polynomials together with an optimisation technique. Special cases and limitations are discussed and illustrated, making the procedure complete and systematic for any design requirements. Using piecewise polynomials, the complete cam profile can be designed as a combined linear system. The optimisation technique described goes even further, manipulating the variables in the linear system to select the ideal combination. In addition, a means to prove the validity of the results is explained.
Introduction
Cam motion syntheses have been studied extensively as the use of cams has been widespread in many industries. Formulaic methods of synthesis for a number of ÔstandardÕ profiles have been well established [1, 2] . However, recommendations as to how to optimise a cam profile for a certain application are very scarce. Polynomial profiles, which are defined with a number of breakpoints in the profile for which the designer can define boundary conditions, are the most suitable for optimisation because the displacement, velocity, acceleration and jerk can be controlled for any critical point in the cam profile.
Faroukiand Manjunathaiah [3] describe an approach to cam design focusing on the transferability of the cam profile into CNC machines or CAD systems. Yu and Lee [4] use a standard non-linear optimisation technique to investigate the effect of the features of a motion curve, such as the velocity, acceleration and boundary continuity on the minimum size of the cam.
A single cam motion can be synthesised using a polynomial profile; however, using piecewise polynomials (PP), the complete cam profile can be designed as a combined linear system. PP are best suited for implementation of a computer-aided design and manufacturing program as it can be generalised and is not case dependant. On the other hand, in order to use PP to design a cam profile, values for the displacement and its derivatives at the profile breakpoints must be known. This can sometimes make the procedure impractical.
Wang and Yang [5] used a quadratic programming (QP) algorithm to optimise the shape of the motion profile created using PP such that the jerk level is reduced to a minimum. The optimisation is carried out using any unspecified breakpoint boundary conditions as variables. That is, the unspecified breakpoint boundary conditions can take any value. However, this method is only applicable to certain combinations of boundary conditions, not all possible combinations. The advantages and limitations of the method were not explained by the authors. This paper re-defines the method illustrating its restrictions, without a good understanding of which it cannot be used reliably. Furthermore, it suggests an alternative approach to the implementation of the technique which is demonstrated by application examples using Maple mathematics software (Waterloo Maple, Ontario, Canada). smooth fit, they are more flexible than parametric polynomials and can be effectively used for a wider range of data sets.
Cubic spline is a typical example of a piecewise polynomial application in the field of approximation and interpolation of data sets where each piece is described by four coefficients, which are calculated using a cubic (third-degree) polynomial. This method fits a different cubic polynomial between each pair of data points. A digital-to-analogue converter is a useful application of spline interpolation for audio and communication systems. Third-order piecewise polynomials are also used in image interpolation, known as cubic convolution, in which the ideal sinc function is modelled by a finite extent kernel. Another area of interest is approximation by piecewise polynomials defined over triangulations of polygonal regions in the plane. Applications include interpolation to scattered data and finiteelement approximation to the solutions of fourth-order elliptic equations. The approximants are piecewise quadratics or piecewise cubics on each triangle.
The piecewise polynomials (PP) method is based on describing the displacement of a cam follower with a series of polynomial expressions: one for each segment of the profile. The theory is explained and the method is illustrated by a case study.
The displacement imparted by a cam profile comprising n steps can be described using a polynomial function for each one of the non-dwelling segments in the form,
where h is the cam angle, b ij are the displacement coefficients (given by boundary conditions), k is the polynomial order, b i is the i th breakpoint in the profile (rad) and n is the number of breakpoints in the profile. Velocity, acceleration, jerk and any subsequent derivatives of the displacement functions can be expressed similarly as:
where v i (h) is the polynomial function describing velocity for the i th segment, a i (h) is the polynomial function describing acceleration for the i th segment, j i (h) is the polynomial function describing jerk for the i th segment and s i (h) is the polynomial function describing jerkÕs derivative for the i th segment.
All the above functions are determined by differentiating the displacement with respect to h; constant angular velocity (x) is assumed.
Yao et al. [6] carried out research on optimising cam profiles using variable angular velocity. However, it is not always economically sound to implement Ôactive controlÕ of a cam mechanism, as it requires the use of a servo drive and a motion control system in place of a standard drive.
Boundary conditions
A designer will generally be able to define the desired displacement values at each breakpoint. As an example let us consider a follower rise and dwell cycle of 50-mm amplitude, which would be treated as a profile with three breakpoints:
Other design requirements will determine the velocity, acceleration, jerk or s function (time derivative of jerk) at the boundaries between segments.
In general, these boundary conditions can be expressed as the following sets of ( n )1) equations:
where Disp i , Vel i , Accel i , Jerk i and S i are constants. Note that in Eq. (6) , each segment function is used to define only one of the boundaries of the segment, although polynomial functions are defined over two boundaries (i.e. segment 1 is defined over b 1 and b 2 ).
Continuity conditions
Further equations are derived from ensuring continuity on the displacement function and its derivatives. The condition of continuity throughout the cam profile can be expressed as a set of equations evaluating the polynomial motion functions at the boundary points. In the case of continuous displacement of the follower (which is necessary for the manufacture of the cam) continuity will be given by the following ( n )1) equations:
The latter ensures continuity at the end of the profile. Similar sets of equations can be deduced for each of the displacement derivatives
The expressions in Eq. (5) provide a set of equations that, expressed as a linear system of equations, can be used to determine the polynomial coefficients b ij of the cam displacement profile.
Polynomial order
The designer must calculate the polynomial order k that will not under-or over-constrain the system depending on the specific design requirements. The system will need to solve k ( n )1) coefficients defined in Eq. (1); therefore, the same number of equations will be required to solve them. The boundary conditions described in Eqs. (5) and (6) provide n )1 equations for each of the displacement derivatives. Similarly, the continuity conditions in Eqs. (7) and (8) provide n )1 equations for each of the displacement derivatives.
On the other hand, the polynomial function describing each segment as given in Eq. (1) has k unknown coefficients, making the total number of unknowns in the profile k ( n )1). In order to solve them as a linear system, the same number of equations is required.
The procedure to calculate the appropriate polynomial order is easily illustrated using an example. The designer of a cam profile with three breakpoints has specific requirements for the camÕs displacement;
In addition, the designer requires that the velocity and acceleration at all breakpoints be equal to zero:
Finally, it is an implicit requirement for any cam profile that the displacement function is continuous throughout, as it would not be possible to manufacture the cam otherwise.
The polynomial order can be derived as follows. The designer would have ( n )1) equations relating to the displacement boundary conditions Eq. (9), ( n )1) equations ensuring continuity of the followerÕs displacement Eq. (7) and a further 2( n )1) equations given by Eq. (10). Therefore the system will not be over-or underconstrained when
Number of coefficients to solve=Number of equations:
Wang and Yang erroneously state that an eighthorder polynomial is necessary to ensure that the motion gives continuous displacement, velocity and acceleration profiles and to allow the user to specify a dwell period between any two cam-rotation breakpoints. For each set of design requirements, the number of equations available must be calculated, and the required polynomial order must be derived from Eq. (11).
Only when the designer provides breakpoint boundary conditions for four derivatives of the displacement profile (displacement, velocity, acceleration, jerk or s) and has set the continuity conditions on all of them will an eighth-order polynomial be suitable for defining each segment of the profile.
Thus, the first improvement that can be made to the method is to allow the designer more flexibility in deciding the polynomial order according to the boundary conditions available. The displacement derivatives used need not be consecutive. Depending on the requirements of the application any combination can be used. Similarly, continuity can be imposed on any of the displacement derivatives.
Solving for the polynomial coefficients
Once the polynomial order has been defined, the explicit form of the motion profile can be expressed as the polynomial function Eq. (1). The objective of imposing the different boundary and continuity conditions is to create a linear system of equations that will enable the designer to solve for the polynomial coefficients defined in the displacement function.
Case study 1 is a worked example of the process using Maple and is described below. It is based on the design of a single dwell cam for which the boundary conditions applied are summarised in Table 1. 1. Establish the number of breakpoints required:
-Note that the boundary conditions for breakpoint 1 at 0°is the same as those for breakpoint 4 at 360°. -plus continuity in all of them; a total of eight conditions.
3. Define the polynomial order according to the boundary conditions specified above.
4. Derive the equations from the boundary and continuity conditions for all segments, in terms of the polynomial coefficients. From Eq. (5) and Eq. (6) we can obtain 12 boundary condition equations:
-Continuity in displacement (see Eq. (7)) can be expressed as 
-Similar sets of equations are derived from continuity conditions for velocity, acceleration and s from Eq. (8).
5. Write these equations in matrix form, constructing a linear system in terms of the polynomial coefficients 8. Replacing the values above into Eq. (1), the polynomial function describing the displacement of the follower is completely defined in terms of the boundary values given by the designer. Figure 1 shows the displacement function and its derivatives. All the boundary and continuity conditions are met.
Dwells
The use of piecewise polynomials is ideal for computeraided cam design, as the polynomial function is calculated by a mathematical package leaving the designer the only task of specifying the boundary values. However, a drawback is that it cannot be utilised when the cam profile includes dwells. When a dwell is defined between two breakpoints, the displacement function is reduced to y i = Disp i , and its derivatives _ y i ¼ 0; € y i ¼ 0; y ÁÁÁ i ¼ 0; ::::. In this case, if treated as the eighth-order polynomial of Eq. (1), b i1 = Disp i , b ix =0, x=2,…, n )1. WangÕs optimisation method, as explained later in this paper, fails to recognise this as a special case, leaving all coefficients undefined. The result is that while the method acknowledges the endpoint boundary condition and the continuity conditions, it allows the profile inside the endpoints to vary. That is, b ix " 0 for x=2,…, n )1. Instead of a dwell, the method could result in a bellshaped profile, maintaining the start-and end-points at the value required for the dwell. In order to avoid this, all boundary conditions referring to the adjoining breakpoints of a dwell must be specified as zero, as shown in the worked example above.
Following the same method as before with non-zero boundary conditions on the displacement derivatives of a dwell period, the displacement function can, again, be expressed as a set of piecewise polynomials. This function and its derivatives are plotted in Fig. 2 . It can easily be seen that the dwell portion no longer exists between the second and third breakpoints.
Optimisation
Piecewise polynomials are especially useful when the designer knows the boundary values required for each breakpoint and each of the derivatives used. This is not necessarily the case in all applications. Many practical problems only have specific requirements for the follower displacement values, while others might have a requirement for velocity at the midpoint of a given segment of the profile, but not a displacement requirement at the same point. In his shape optimisation method, Wang proposed a procedure by which the jerk is ÔoptimisedÕ (i.e. minimised) to avoid noise, vibration and possible structural damage using the unspecified boundary conditions as variables.
Procedure
The method is based on the assumption that the designer does not specify a value for all the boundary conditions, Disp 1 . . . Disp nÀ1 ; Vel 1 . . . Vel nÀ1 ; . . . ; s 1 . . . s nÀ1 , and that jerk continuity has not been used as one of the boundary and continuity conditions to solve the polynomial coefficients. The latter assumption is not given by Wang; however, it is important if the method is to be applied to any other type of optimisation. In general, it should be stated that the function to be optimised cannot be used to generate any of the equations that are used to form linear system Eq. (14), described in the previous section. This is because the equation used in the optimisation will be added later to the set of equations of the linear system. Therefore, if it is already present, the system will become under-constrained and it would be impossible to solve.
Case study 2 will be developed in parallel with the optimisation method explanation. The simplest cam profile will be used: a single rise-and-return profile with no dwells and amplitude of 100 mm. In order to apply the optimisation method, only some of the boundary conditions must be specified. Table 2 summarises the applicationÕs requirements.
Steps 1 through to 6 of the piecewise polynomial method explained above are carried out for the new profile. In this case n =3; and four displacement derivatives and continuity conditions will be used, making k =8. After step 6, all the polynomial coefficients can be expressed in terms of the boundary conditions.
Let X * S be defined as a vector containing all the boundary values used to define the linear system Eq. (14) for which the designer has specified a value, and X * D be defined as a vector containing the boundary conditions not specified by the designer; that is, the design variables that will enable the profiles to be modified to optimise a function. In this case study, X Table 2 ). Note that the boundary conditions for the last breakpoint are not used, as they are always the same as those of the first one.
Let X * be the vector produced when concatenating the previous two: X * ¼ ½X 
Substituting the equations for the polynomial coefficients found earlier, two equations in terms of the boundary conditions are derived. Equation (12) can then be re-written as another linear system
where ½A * is a fully defined ( n )1)· q matrix. In the example ½A * becomes the following 2·8 matrix: Equation (16) can also be written as Rearranging Eq. (18), X * DU can be expressed as
where
which can also be expressed in terms of X * D if the Gaussian elimination is done with row interchanges only
The design variables contained in X * DU and X * DV have been called dependent and independent design variables, respectively, because at this stage those in X * DV can be assigned arbitrarily, while those in X * DU have to satisfy Eq. (19).
The additional constraints will be given by equations derived from the function being optimised. Wang used the jerk as his optimising function and expressed the total jerk throughout the cam profile in the form of the following equation:
Wang and Yang [5] use an approximation of Eq. (21) in which the integral is replaced by a sum over l segments
This is not necessary when using Maple mathematics. Equation (21) is minimised when
This is only true, however, when 16y
The most accurate way to express the total jerk is
However, Wang does not use Eq. (23) because it does not suit the quadratic programming method used later in the paper. This is because absolute value cannot be transformed into a linear system or expressed as a matrix, while the square value of a function can be. Quantity y ÁÁÁ i can be expressed in vector form as y ÁÁÁ i ¼ẽ i ÁX T , where e * i will have non-zero elements only when they relate to the i th and the (i+1)th boundary conditions inX . Quantity y ÁÁÁ 2 i can be expanded using a positive definite symmetric matrix as follows:
Substituting Eq. (24) into Eq. (21), the total jerk becomes;
where Q
h i is a fully specified block diagonal matrix.
The expression for J TOTAL can be transformed into a partition form to discriminate between the specified and the unspecified portions of X 
Expanding Eq. (26) S , which can be treated as constants. Equation (27) can be re-written as
Substituting Eq. (20) into Eq. (28),
This can be expanded and then simplified and rearranged in terms of X * DV , applying the theorem that that the transpose of a product of matrices is the product of the matrices in reverse order [7] .
The total jerk is minimised when its derivative is equal to zero (see Eq. (22)).
Therefore, the jerk is minimised when
the specified conditions. Should the designer of the previous example decide to specify different set of boundary conditions, the displacement functions and their derivatives will change accordingly and the value of the minimum jerk will be different.
Case study 3: specifying incorrect boundary conditions Table 3 shows a new set of boundary conditions. The displacement values remain unchanged, but in this case, the designer wishes to specify the acceleration values at the breakpoints instead of the velocity values. Figure 5 shows the displacement function for the cam profile and its derivatives following the same optimisation procedure described earlier. The displacement profile is clearly unpractical, although it has not violated the boundary conditions stipulated by the designer. The polynomial found for the displacement is such that the cam displacement would become negative (y(h)<0) before reaching b 3 , i.e. y(h)=0 (the boundary condition for displacement at b 3 =360°), making the total amplitude of the movement larger than intended. Figure 6 shows that the values calculated for the design variables in order to minimise the jerk do not correspond to the functionÕs minimum. In this case, the technique has not worked because the designer has specified the values of the boundary conditions for acceleration. The function being optimised is the integral of jerk, i.e. acceleration.
Accel iþ1 À Accel i :
The linear system for which the coefficients are derived Eq. (12) cannot contain the optimising functionÕs boundary conditions. Therefore in the example given, acceleration boundary conditions cannot be specified. More generally, however, this case study demonstrates that the graphical proof of minimum will point out on any boundary conditions erroneously specified.
Conclusions
A method of synthesising a cam profile based on the use of piecewise polynomials together with an optimisation technique has been presented. Special cases and limitations have been discussed and illustrated, making the procedure complete and systematic for any design requirements. The implementation of the method requires a symbolic mathematics software application, as the calculations involved are lengthy. The examples shown were implemented using Maple mathematics.
Polynomial profiles, which are defined with a number of breakpoints in the profile for which the designer can define boundary conditions, are the most suitable for optimisation because the displacement, velocity, acceleration and jerk can be controlled for any critical point in the cam profile. Hence, using piecewise polynomials, the complete cam profile can be designed as a combined linear system. Furthermore, the optimisation technique described here enables the variables in the linear system to select the ideal combination in order to optimise a given expression.
Certain requirements for the method to work have been illustrated. First, a procedure to choose the appropriate polynomial order has been illustrated. Second, it has been proven that dwells must be treated as special cases; all boundary conditions at the two breakpoints adjoining the dwell segment must be specified as zero. Third, the linear system from which the coefficients are derived (Eq. (12)) cannot contain the optimising functionÕs boundary conditions. That is, in optimising acceleration of a given profile, the linear system cannot contain Accel 1 … Accel n . In addition, a method to prove the validity of the results has been explained. This proof should be carried out on any cam design to ensure that the designer has not mistakenly specified boundary conditions that will invalidate the result.
